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QUANTUM-sℓ(2) ACTION ON A DIVIDED-POWER QUANTUM PLANE AT
EVEN ROOTS OF UNITY
A.M. SEMIKHATOV
ABSTRACT. We describe a nonstandard version of the quantum plane, the one in the
basis of divided powers at an even root of unity q = eipi/p. It can be regarded as an ex-
tension of the “nearly commutative” algebra C[X ,Y ] with XY = (−1)pY X by nilpotents.
For this quantum plane, we construct a Wess–Zumino-type de Rham complex and find its
decomposition into representations of the 2p3-dimensional quantum group Uqsℓ(2) and
its Lusztig extension Uqsℓ(2); the quantum group action is also defined on the algebra of
quantum differential operators on the quantum plane.
1. INTRODUCTION
Recent studies of logarithmic conformal field theory models have shown the remark-
able fact that a significant part of the structure of these models is captured by factorizable
ribbon quantum groups at roots of unity [1, 2, 3, 4]. This fits the general context of
the Kazhdan–Lusztig correspondence/duality between conformal field theories (vertex-
operator algebras) and quantum groups [5], but in logarithmic conformal field theories
this correspondence goes further, to the extent that the relevant quantum groups may be
considered “hidden symmetries” of the corresponding logarithmic models (see [6] for
a review and [7, 8, 9] for further development). This motivates further studies of the
quantum groups that are Kazhdan–Lusztig-dual to logarithmic conformal field theories.
For the class of (p,1) logarithmic models (with p = 2,3, . . .), the dual quantum group is
Uqsℓ(2) generated by E, K, and F with the relations
KEK−1 = q2E, KFK−1 = q−2F,
[E,F] = K−K
−1
q− q−1
,
(1.1)
E p = F p = 0, K2p = 1(1.2)
at the even root of unity
q= e
ipi
p ,(1.3)
This 2p3-dimensional quantum group first appeared in [10] (also see [11, 12]; a somewhat
larger quantum group was studied in [13]).
In this paper, we study not the Uqsℓ(2) quantum group itself but an algebra carrying
its action, a version of the quantum plane [14].1 Quantum planes (which can be defined
1Quantum planes and their relation to sℓ(2) quantum groups is a “classic” subject discussed in too many
papers to be mentioned here; in addition to [14], we just note [15, 16], and [17]. In a context close to the
one in this paper, the quantum plane was studied at the third root of unity in [18, 19, 20].
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in slightly different versions at roots of unity, for example, infinite or finite) have the
nice property of being H-module algebras for H given by an appropriate version of the
quantum sℓ(2) (an H-module algebra is an associative algebra endowed with an H action
that “agrees” with the algebra multiplication in the sense that X (uv) = ∑(X ′u)(X ′′v)
for all X ∈H). Studying such algebras is necessary for extending the Kazhdan–Lusztig
correspondence with logarithmic conformal field theory, specifically, extending it to the
level of fields; module algebras are to provide a quantum-group counterpart of the algebra
of fields in logarithmic models when these are described in a manifestly quantum-group
invariant way. Another nice feature of quantum planes, in relation to the Kazhdan–Lusztig
correspondence in particular, is that they allow a “covariant calculus” [15], i.e., a de Rham
complex with the space of 0-forms being just the quantum plane and with a differential
that commutes with the quantum-group action. (A “covariant calculus” on a differential
Uqsℓ(2)-module algebra was also considered in [8] in a setting ideologically similar to
but distinct from a quantum plane.)
Here, we explore a possibility that allows extending the Uqsℓ(2)-action on a module
algebra to the action of the corresponding Lusztig quantum group Uqsℓ(2), with the addi-
tional sℓ(2) generators conventionally written as E= E
p
[p]! and F=
F p
[p]! .
2,3 We use Lusztig’s
trick of divided powers twice: to extend the Uqsℓ(2) quantum group and to “distort” the
standard quantum plane Cq[x,y], i.e., the associative algebra on x and y with the relation
yx = qxy,(1.4)
by passing to the divided powers
x
m
=
xm
[m]! , y
m
=
ym
[m]! , m> 0.
Constructions with divided powers [29, 30] are interesting at roots of unity, of course; in
our root-of-unity case (1.3), specifically, [p] = 0, and the above formulas cannot be viewed
as a change of basis. We actually define the divided-power quantum plane Cq[x,y] (or just
Cq for brevity) to be the span of xn ym, m,n> 0, with the (associative) multiplication
(1.5) xmxn =
[
m+ n
m
]
x
m+n
, ymyn =
[
m+ n
m
]
ym+n
and relations
(1.6) yn xm = qnmxm yn.
2We use the standard notation [n] =
q
n−q−n
q−q−1
, [n]! = [1][2] . . . [n], and
[
m
n
]
=
[m]!
[m−n]! [n]!
3The counterpart of this sℓ(2) Lie algebra on the “logarithmic” side of the Kazhdan–Lusztig correspon-
dence, in particular, underlies the name “triplet” for the extended chiral algebra of the (p,1) logarithmic
models, introduced in [21, 22, 23] (also see [24]; the triplet algebra was shown to be defined in terms of the
kernel of a screening for general p in [25] and was studied, in particular, in [26, 27, 28]).
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(Somewhat more formally, (1.5) can be considered relations as well.) Divided-power
quantum spaces were first considered in [31], in fact, in a greater generality (in an ar-
bitrary number of dimensions, correspondingly endowed with an Uqsℓ(n) action).4 Our
quantum plane carries a Uqsℓ(2) action that makes it a Uqsℓ(2)-module algebra (a partic-
ular case of the construction in [31]),
E(xmyn) = [m+1]xm+1yn−1,
K(xmyn) = qm−nxmyn,
F(xmyn) = [n+1]xm−1yn+1,
(1.7)
with xm = 0 = ym for m < 0.5 A useful way to look at Cq is to consider the “almost
commutative” polynomial ring Cε [X ,Y ] with XY = ε Y X for ε = (−1)p and extend it with
the algebra of “infinitesimals” xmyn, 06m,n6 p−1. Then, in particular, X and Y behave
under the sℓ(2) algebra of E and F “almost” (modulo signs for odd p) as homogeneous
coordinates on CP1.
We extend Cq to a differential algebra, the algebra of differential forms Ωq, which
can be considered a (Wess–Zumino-type) de Rham complex of Cq, and then describe the
Uqsℓ(2) action on Ωq and find how it decomposes into Uqsℓ(2)-representations (Sec. 2).
Further, we extend the quantum group action on the quantum plane and differential forms
to a Uqsℓ(2) action. In Sec. 3, we introduce quantum differential operators on Cq, make
them into a module algebra, and illustrate their use with a construction of the projective
quantum-group module P+1 .
2. DIVIDED-POWER QUANTUM PLANE
The standard quantum plane Cq[x,y] at a root of unity and the divided-power quantum
plane Cq at a root of unity can be considered two different root-of-unity limits of the
“generic” quantum plane. The formulas below therefore follow from the “standard” ones
(for example, E(xmyn) = [n]xm+1yn−1 and F(xmyn) = [m]xm−1yn+1 for the quantum-sℓ(2)
action) by passing to the divided powers at a generic q, when xm = x
m
[m]! is a change of
basis, and setting q equal to our q in (1.3) in the end. In particular, we apply this simple
strategy to the Wess–Zumino calculus on the quantum plane [15].
2.1. De Rham complex of Cq[x,y]. We define Ωq, the space of differential forms on Cq,
as the differential algebra on the xm yn and ξ, η with the relations (in addition to those
4I thank N. Hu for pointing Ref. [31] out to me and for useful remarks.
5In speaking of a Uqsℓ(2)-module algebra, we refer to the Hopf algebra structure onUqsℓ(2) given by the
comultiplication ∆(E) = E⊗K+1⊗E , ∆(K) = K⊗K, ∆(F) = F⊗1+K−1⊗F , counit ε(E) = ε(F) = 0,
ε(K) = 1, and antipode S(E) =−EK−1, S(K) = K−1, S(F) =−KF [1].
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in Cq)
ξη=−qηξ, ξ2 = 0, η2 = 0,
and
ξx
n
= q2nxnξ, ηxn = qnxnη+q2n−2(q2−1)xn−1yξ,
ξyn = qnynξ, ηyn = q2nynη
and with a differential d (d2 = 0) acting as
d(xmyn) = qm+n−1xm−1ynξ+qn−1xmyn−1η.
In particular, dx = ξ and dy = η.
The Uqsℓ(2) action on 1-forms that commutes with the differential is given by
E(xmynξ) = q[m+1]xm+1yn−1ξ,
E(xmynη) = q−1[m+1]xm+1yn−1η+ xmynξ,
K(xmynξ) = qm−n+1 xmynξ,
K(xmynη) = qm−n−1 xmynη,
F(xmynξ) = [n+1]xm−1yn+1ξ+qn−mxmynη,
F(xmynη) = [n+1]xm−1yn+1η
(and on 2-forms, simply by E(xmynξη) = [m+ 1]xm+1yn−1ξη and F(xmynξη) = [n+
1]xm−1yn+1ξη).
A feature of the divided-power quantum plane is that the monomials x pm−1 y pn−1 with
m,n > 1 are Uqsℓ(2) invariants, although not “constants” with respect to d. Also, the
kernel of d in Cq is given by C1, and the cohomology of d in Ω1q is zero. A related,
“compensating,” difference from the standard quantum plane at the same root of unity
amounts to zeros occurring in the multiplication table: for 1 6 m,n 6 p− 1, it follows
that xm xn = 0 whenever m+n> p).
2.2. “Frobenius” basis. An ideal (the nilradical) is generated in Cq from the monomials
x
myn with 1 6 m,n6 p−1. We now introduce a new basis by splitting the powers of x
and y accordingly (actually, by passing to “nondivided” powers of x p and y p).
2.2.1. The divided-power quantum plane Cq[x,y] can be equivalently viewed as the lin-
ear span of
(2.1) XM Y N xm yn, 06 m,n6 p−1, M,N > 0,
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where X = x p and Y = y p; the change of basis is explicitly given by6
x
Mp+m
= (−1)MmxMp xm = (−1)Mm+
M(M−1)
2 p 1
M! X
M x
m
and similarly for yN p+n (cf. Proposition 2.4 in [31]). Clearly, monomials in the right-hand
side here are multiplied “componentwise,”
(XMxm)(XNxn) = XM+N
[
m+ n
m
]
x
m+n
.
The relations involving X and Y are
X Y = (−1)pY X ,
X xn = xn X , X yn = (−1)n yn X ,
Y xn = (−1)n xnY, Y yn = ynY.
We continue writing Cq for Cq[X ,Y,x,y] with all the relations understood. The quotient
of Cq by the nilradical is the “almost commutative” polynomial ring Cε [X ,Y ], where
XY = ε Y X for ε = (−1)p.
In Ωq, the relations involving X and Y are
ξX = X ξ, ηXM = (−1)M XM η+(−1)MM(q−2−1)XM−1x p−1 yξ,
ξY N = (−1)N Y N ξ, ηY = Y η,
and the differential is readily expressed as
d(XMY Nxmyn) = qm+n−1
{
XMY Nxm−1ynξ, m 6= 0,
−(−1)N pM XM−1Y Nx p−1ynξ, m = 0
+qn−1
{
XMY Nxmyn−1η, n 6= 0,
−(−1)mN XMY N−1xmy p−1η, n = 0.
In particular, d(XM Y N) =−(−1)N pMq−1XM−1Y Nx p−1ξ−Nq−1XMY N−1y p−1η.
2.2.2. The Uqsℓ(2) action in the new basis (2.1) becomes
E(XMY Nxmyn) =
{
[m+1]XMY Nxm+1yn−1, n 6= 0,
(−1)mN[m+1]XMY N−1xm+1y p−1, n = 0,
K(XMY Nxmyn) = (−1)M+Nqm−nXMY Nxmyn,
6Here and in what follows, we “resolve” the q-binomial coefficients using the general formula [30][
Mp+m
N p+ n
]
= (−1)(M−1)N p+mN−nM
(
M
N
)[
m
n
]
for 06 m,n6 p− 1 and M > 1, N > 0.
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F(XMY Nxmyn) =
{
(−1)M+N[n+1]XMY Nxm−1yn+1, m 6= 0,
M(−1)M−1+N(p−1)[n+1]XM−1Y Nx p−1yn+1, m = 0,
and on 1-forms, accordingly,
E(XMY Nxmynξ) =
{
q [m+1]XMY Nxm+1yn−1ξ, n 6= 0,
(−1)mNq [m+1]XMY N−1xm+1y p−1ξ, n = 0,
E(XMY Nxmynη) =
{
q
−1[m+1]XMY Nxm+1yn−1η, n 6= 0,
(−1)mNq−1[m+1]XMY N−1xm+1y p−1η, n = 0
+XMY Nxmynξ,
F(XMY Nxmynξ) =
{
(−1)M+N [n+1]XMY Nxm−1yn+1ξ, m 6= 0,
M(−1)M−1+N(p−1)[n+1]XM−1Y Nx p−1yn+1ξ, m = 0
+(−1)M+Nqn−mXMY Nxmynη,
F(XMY Nxmynη) =
{
(−1)M+N [n+1]XMY Nxm−1yn+1η, m 6= 0,
M(−1)M−1+N(p−1)[n+1]XM−1Y Nx p−1yn+1η, m = 0.
2.3. Module decomposition. We next find how Ωq decomposes as a Uqsℓ(2)-module.
The Uqsℓ(2) representations encountered in what follows are the irreducible representa-
tions X±r (1 6 r 6 p), indecomposable representations W±r (n) (1 6 r 6 p− 1, n > 2),
and projective modules P±p−1. All of these are described in [2]; we only briefly re-
call from [1, 2] that Uqsℓ(2) has 2p irreducible representations X±r , 1 6 r 6 p, with
dimX±r = r. With the respective projective covers denoted by P±r , the “plus” representa-
tions are distinguished from the “minus” ones by the fact that tensor products X+r ⊗X+s
decompose into the X+
r′
and P+
r′
[6] (and X+1 is the trivial representation). We also note
that dimP±r = 2p if 16 r 6 p−1.
We first decompose the space of 0-forms, the quantum plane Cq itself; clearly, the
Uqsℓ(2) action restricts to each graded subspace (Cq)i spanned by xmyn with m+n = i,
i> 0. To avoid an unnecessarily long list of formulas, we explicitly write the decomposi-
tions for (Cq)(i) spanned by x
myn with 06 m+n 6 i; the decomposition of each graded
component is in fact easy to extract.
2.3.1. Lemma. Cq decomposes into Uqsℓ(2)-representations as follows:
(Cq)(p−1) =
p⊕
r=1
X
+
r(2.2)
(where each X+r ∈ (Cq)r−1),
(Cq)(2p−1) = (Cq)(p−1)⊕
p−1⊕
r=1
W
−
r (2)⊕2X−p(2.3)
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(where each W−r (2) ∈ (Cq)p+r−1 and X−p ∈ (Cq)2p−1), and, in general,
(Cq)(np−1) = (Cq)((n−1)p−1)⊕
p−1⊕
r=1
W
±
r (n)⊕nX
±
p(2.4)
with the + sign for odd n and − for even n.
The proof is by explicit construction and dimension counting; the general pattern of
the construction is already clear from the lower grades. For 1 6 r 6 p, the irreducible
representations X+r are realized as
x
r−1
F
--
x
r−2 y
E
ll
F
++ . . .
E
mm
F
,,
y r−1.
E
kk
(the E and F arrows represent the respective maps up to nonzero factors). The X+r thus
constructed exhaust the space (Cq)(p−1), which gives (2.2). To pass to the next range of
grades, Eq. (2.3), it is easiest to multiply the above monomials with X or Y and then note
that (up to sign factors) this operation commutes with the Uqsℓ(2) action except “at the
ends” in half the cases, as is expressed by the identities
XE(XMY Nxmyn)−E(XM+1Y Nxmyn) = 0,
Y E(XMY Nxmyn)− (−1)MpE(XMY N+1xmyn) =−δn,0(−1)Mp+m[m+1]XMY Nxm+1y
p−1
,
XF(XMY Nxmyn)+F(XM+1Y Nxmyn) = δm,0(−1)M+N(p−1)[n+1]XMY Nx
p−1yn+1,
Y F(XMY Nxmyn)+ (−1)MpF(XMY N+1xmyn) = 0.
It then immediately follows that for each r = 1, . . . , p−1, the states
Xx r−1
F
** . . .
E
mm
F --
Xy r−1
E
jj
F
$$H
HH
HH
Y x r−1
E
{{vv
vv
v
F
** . . .
E
mm
F --
Y y r−1
E
jj
x
p−1
y r
F
++ . . .
E
nn
F ..
x
r y
p−1
E
kk
(2.5)
realize the representation [2]
(2.6)
W
−
r (2) =
X
−
r
""D
DD
DD
X
−
r
||zz
zz
z
X
+
p−r
These W−r (2) fill the space (Cq)(2p−2). Next, in the subspace (Cq)2p−1, this picture
degenerates into a sum of two X−p , spanned by Xx
p−1
, . . . ,Xy p−1 and Y x p−1, . . . ,Y y p−1,
with the result in (2.3).
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The longer “snake” modules follow similarly; for example, in the W+r (3) module
X+r
""D
DD
DD
X+r
||zz
zz
z
""D
DD
DD
X+r
||zz
zz
z
X
−
p−r X
−
p−r
the leftmost state in the left X+r is given by X2x
r−1
and the rightmost state in the right X+r
is Y 2y r−1. These W+r (3) with 16 r 6 p−1 exhaust (Cq)(3p−2), and for r = p, the snake
degenerates into 3X+p , and so on, yielding (2.4) in general.
Next, to describe the decomposition of the 1-forms Ω1q, we use the grading by the sub-
spaces (Ω1q)i = (Cq)iξ+(Cq)iη, i> 0, and set (Ω1q)(i) = (Cq)(i)ξ+(Cq)(i)η accordingly.
For those representations X ∈ Cq that are unchanged under the action of d, we write
dX for their isomorphic images in Ω1q, to distinguish the d-exact representations in the
decompositions that follow.
2.3.2. Lemma. The space of 1-forms Ω1q decomposes into Uqsℓ(2)-representations as
follows:
(Ω1q)(p−1) =
p⊕
r=2
dX+r ⊕
p−2⊕
r=1
X
+
r ⊕P
+
p−1(2.7)
(with dX+r ∈ (Ω1q)r−2, X+r ∈ (Ω1q)r, and P+p−1 ∈ (Ω1q)p−1),
(Ω1q)(2p−1) = (Ω1q)(p−1)⊕
p−1⊕
r=2
dW−r (2)⊕2dX−p ⊕X+p ⊕
p−2⊕
r=1
W
−
r (2)⊕2P−p−1(2.8)
(with dW−r (2) ∈ (Ω1q)p+r−2, dX−p ∈ (Ω1q)2p−2, X+p ∈ (Ω1q)p, W−r (2) ∈ (Ω1q)p+r, and
P
−
p−1 ∈ (Ω
1
q)2p−1),
(Ω1q)(3p−1) = (Ω1q)(2p−1)⊕
p−1⊕
r=2
dW+r (3)⊕3dX+p ⊕2X−p ⊕
p−2⊕
r=1
W
+
r (3)⊕3P+p−1(2.9)
(with dW+r (3) ∈ (Ω1q)2p+r−2, dX+p ∈ (Ω1q)3p−2, X−p ∈ (Ω1q)2p, W+r (3) ∈ (Ω1q)2p+r, and
P
+
p−1 ∈ (Ω
1
q)3p−1), and, in general,
(Ω1q)(np−1) = (Ω1q)((n−1)p−1)⊕
p−1⊕
r=2
dW±r (n)⊕ndX±p(2.10)
⊕ (n−1)X∓p ⊕
p−2⊕
r=1
W
±
r (n)⊕nP
±
p−1,
with the upper signs for odd n and the lower signs for even n.
The proof is again by construction. To begin with (Ω1q)(p−1) in (2.7), we first note that is
contains dX+r ≈X+r spanned by dx
r−1
, d(x r−2 y), . . . , dy r−1 for each r = 2, . . . , p (clearly,
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the singlet X+1 spanned by 1 for r = 1 is annihilated by d). Next, for each r = 1, . . . , p−2,
there is an X+r spanned by the 1-forms
x
r−1yξ−q[r]x rη, . . . , [i+1]x r−i−1y i+1ξ− [r− i]qi+1x r−iy i η, . . . , [r]y rξ−qrxy r−1η
(with just the singlet yξ−qxη for r = 1); for r = p−1, however, these states are in the
image of d and actually constitute the socle of the projective module P+p−1 realized as
x
p−1
η
E
zzuu
uu
uu
F
,, . . .
E
ll
F
--
xy
p−2
η
E
ll
F
$$I
II
II
I
E






x
p−1
ξ
F$$I
II
II
I
y
p−1
η
E
zzuu
uu
uu
d(x p−1y)
F
++
E
~~}}
}}
}}
}}
}}
}}
}
. . .
E
mm
F
--
d(xy p−1)
E
kk
(2.11)
This gives (2.7).
In the next grade, we have (Ω1q)p = dW−2 (2)⊕X+p , where X+p is spanned by
x
p−1yξ, . . . , [i+1]x p−i−1y i+1ξ− [i]qi+1x p−iy i η, . . . , xy p−1η
(with i = 0 at the left end and i = p−1 at the right end). Next,
(Ω1q)(2p−2) = (Ω1q)(p−1)⊕X+p ⊕
p−1⊕
r=2
dW−r (2)⊕2dX−p ⊕
p−2⊕
r=1
W
−
r (2),
where the W−r (2) modules with r = 1, . . . , p− 2 are spanned by (with nonzero factors
dropped)
(2.12)
Xx r−1yξ
− q[r]Xx rη
, . . . ,
[r]Xy rξ
− qrXxy r−1η
F
@
@@
@@
@
Y x r−1yξ
−q[r]Yx rη
, . . . ,
[r]Y y rξ
−qYxy r−1η
E



x
p−1y r+1ξ, . . . , x r+1y p−1η
In the next grade, the two P−p−1 modules occurring in (2.8) are given by
Xx p−1η, . . . ,Xxy p−2η
E
||yy
yy
yy
yy
F
""E
EE
EE
EE
E
Xx p−1ξ
F
>
>>
>>
>>
Xy p−1η
E
    
  
  
 
d(Xx p−1y), . . . ,d(Xxy p−1)
Y x p−1η, . . . ,Y xy p−2η
E
||yy
yy
yy
yy
F
""E
EE
EE
EE
E
Y x p−1ξ
F
=
==
==
==
Y y p−1η
E
  



d(Y x p−1y), . . . ,d(Y xy p−1)
(2.13)
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(the left–right arrows are again omitted for compactness). Next, we have
(Ω1q)(3p−2) = (Ω1q)(2p−1)⊕2X−p ⊕
p−1⊕
r=2
dW+r (3)⊕3dX+p ⊕
p−2⊕
r=1
W
+
r (3),
where, for example, each W+r (3) is spanned by monomials that can be easily constructed
starting with X2x r−1yξ−q[r]X2x rη in the top-left corner, and so on; the pattern readily
extends to higher degrees by multiplying with powers of X and Y , yielding (2.10).
2.4. Extending to Lusztig’s quantum group.
2.4.1. The above formulas for the Uqsℓ(2) action of course imply that E p and F p act on
Ωq by zero. But using Lusztig’s trick once again, we can define the action of Lusztig’s
divided-power quantum group Uqsℓ(2) that extends our Uqsℓ(2). As before, temporarily
taking the quantum group deformation parameter q generic, evaluating the action of E=
1
[p]! E
p and F= 1
[p]! F
p
, and finally setting q = q gives
E(XM Y N xmyn) = N(−1)(N−1)p+n+m XM+1Y N−1 xmyn,
F(XM Y N xmyn) = M(−1)(M−1)p XM−1Y N+1 xmyn.
Then, clearly, H= [E,F] acts on Cq as
H(XM Y N xmyn) = (−1)(M+N−1)p+m+n(M−N)XM Y N xmyn.
Modulo the “slight noncommutativity” of X and Y for odd p, we here have the standard
sℓ(2) action on functions of the homogeneous coordinates on CP1:
E f (X ,Y,x,y) = f (X ,Y,x,y)
←−∂
∂Y X , F f (X ,Y,x,y) =Y
−→∂
∂X f (X ,Y,x,y)
From the standpoint of this CP1, the xm and yn are to be regarded as some kind of “in-
finitesimals,” almost (modulo signs) invisible to Usℓ(2) generated by E and F.
The E and F act on Ω1q as
E(XMY Nxmynξ) =−N(−1)(N−1)p+n+m XM+1Y N−1 xmynξ,
E(XMY Nxmynη) =−N(−1)(N−1)p+n+m XM+1Y N−1 xmynη+
+δm,0
{
N(−1)n XMY N−1 x p−1yn+1ξ, 06 n6 p−2,
XMY N x p−1ξ, n = p−1,
F(XMY Nxmynξ) = M(−1)(M−1)p XM−1Y N+1 xmynξ
+δn,0
{
M(−1)(M−1)p+mq−m−1XM−1Y Nxm+1y p−1η, 06 m6 p−2,
(−1)(M+N)p XMY N y p−1η, m = p−1,
F(XMY Nxmynη) = M(−1)(M−1)p XM−1Y N+1 xmynη.
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2.4.2. Uqsℓ(2) representations. Using the above formulas, it is easy to see how the
Uqsℓ(2) representations in (2.2)–(2.10) combine into Uqsℓ(2)-representations. The sim-
ple result is that decomposition (2.4) rewrites in terms of Uqsℓ(2)-representations as
(Cq)(np−1) = (Cq)((n−1)p−1)⊕
p−1⊕
r=1
W
±
r (n)⊕nX
±
p ,
where the underbrackets indicate that each W±r (n) becomes an (indecomposable)Uqsℓ(2)-
representation and the n copies of X±p are combined into an (irreducible) Uqsℓ(2)-repre-
sentation.7 Similarly, (2.10) becomes
(Ω1q)(np−1) = (Ω1q)((n−1)p−1)⊕
p−1⊕
r=2
dW±r (n)⊕ndX±p ⊕(n−1)X∓p ⊕
p−2⊕
r=1
W
±
r (n)⊕nP
±
p−1,
where (n− 1)X∓p is an irreducible, W±r (n) an indecomposable, and nP±p−1 a projective
Uqsℓ(2)-module.
To see this, we first note that E and F act trivially on (2.2); each of the X+r represen-
tations of Uqsℓ(2) is also an irreducible representation of Uqsℓ(2). Next, in (2.3), for the
W−r (2) modules shown in (2.6), E and F map between the two X−r and (in this lowest,
n = 2, case of W±r (n) modules) act trivially on the socle,
(2.14) X−r
""D
DD
DD
F ((l
i f
b _ \ X U R
X
−
r
E
{{ G
M
SY_ek
q
w
||zz
zz
z
X
+
p−r
yielding an indecomposable representation of Uqsℓ(2). By the same pattern, the sum
of two X−p in (2.3) becomes an irreducible Uqsℓ(2)-representation. This extends to the
general case (2.4): E and F act horizontally on all the W±r (n) modules and also on the
n copies of X−p , n > 2, making them into respectively indecomposable and irreducible
Uqsℓ(2)-modules.
Passing to the space of 1-forms, each of the Uqsℓ(2)-representations in (2.7) remains
an Uqsℓ(2) representation; E and F act trivially on the X+r and interchange the “corners”
of P+p−1 shown in (2.11):
F(x
p−1
ξ) = y
p−1
η, E(y
p−1
η) = x
p−1
ξ
(P+p−1 thus becomes a projective Uqsℓ(2)-module).
Next, in (2.8), X+p remains an irreducible Uqsℓ(2)-module (with E and F acting triv-
ially), and each of the W−r (2) is an indecomposable Uqsℓ(2)-module; in (2.12), for ex-
7Recently, Uqsℓ(2)-representations were systematically analyzed in [9]; a more advanced notation than
the underbracketing is used there.
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ample, F(Xx r−1yξ− q[r]Xx rη) = Y x r−1yξ− q[r]Yx rη, etc. Further, the sum of two
P
−
p−1 in (2.8) becomes a projective Uqsℓ(2)-module; there, the top floor (see (2.13)) is a
doublet under the sℓ(2) Lie algebra of E and F, the middle floor is a singlet (Xy p−1η−
(−1)pY x p−1ξ) plus a triplet (Xx p−1ξ, Xy p−1η+(−1)pY x p−1ξ, Y y p−1η), and the lowest
floor is also a doublet.
The organization of Uqsℓ(2) representations in the general case in (2.10) is now obvi-
ous; it largely follows from the picture in the lower degrees by multiplying with powers
of X and Y .
2.4.3. “Lusztig–Frobenius localization”. The formulas in 2.2 can be extended from
nonnegative integer to integer powers of X and Y . This means passing from Cq =
Cq[X ,Y,x,y] toCq[X ,X−1,Y,Y−1,x,y], which immediately gives rise to infinite-dimensional
Uqsℓ(2) representations, as we now indicate very briefly.
Taking the picture in (2.5) (with 16 r 6 p−1) and multiplying all monomials by X−1
destroys the south-east F arrow and the F arrows shown in (2.14), yielding
x
r−1
⇄ . . .⇄y r−1 X−1Y x r−1
E
yyss
ss
s
⇄ . . .⇄
E
tt U
VX
YZ
[]^_`acdefh
i
X−1Y y r−1
X−1x p−1y r ⇄ . . .⇄ X−1x r y p−1
But this now extends to the right, indefinitely, producing a pattern shown in Fig. 1 (the top
diagram), where the E and F generators map between the respective monomials in each
block. A “mirror-reflected” picture follows by multiplying (2.6) by Y−1. Multiplying by
X−1Y−1 gives the bottom diagram in Fig. 1 (where the⇄ arrows are omitted for brevity).
After the extension by X−1 and Y−1, the differential d acquires a nonzero cohomology
in Ω1C[X ,X−1,Y,Y−1,x,y], represented by X−1x p−1ξ and Y−1y p−1η.
There is a curious possibility to further extend C[X ,X−1,Y,Y−1,x,y] by adding a new
element log(XY ) that commutes with x, y, X , and Y and on which the differential and the
quantum group generators act, by definition, as follows:
d log(XY ) =−q−1X−1x p−1ξ−q−1Y−1y p−1η,
E log(XY ) = Y−1xy p−1, E log(XY ) = (−1)pXY−1,
K log(XY ) = log(XY ),
F log(XY ) =−X−1x p−1y, F log(XY ) = (−1)pX−1Y.
We then have the diagram shown in Fig. 2. There, the ⇄ . . .⇄ arrows represent maps
D
IV
ID
ED
-PO
W
ER
Q
U
A
N
TU
M
PLA
N
E
13
x
r−1
⇄ . . .⇄ y r−1 X−1Y x r−1
E
yyss
ss
s
⇄ . . .⇄
E
tt T
VW
XZ
[\^_`bcdfgh
j
F
++h g
g f f
e d d
c c b b a
a ` ` _ ^ ^ ] ] \ \ [ [ Z Z Y X X W W V
X−1Yy r−1
F
&&M
MM
MM
X−2Y 2x r y p−1
Ewwoo
ooo
o
⇄ . . .
E
ss XXY
YZZ[
[\\\]]
^^___``aabbcccddeeff
X−1x p−1y r ⇄ . . .⇄
F
44V W X Y Z \ ] ^ _ ` a c
d e
f g
h
X−1x r y p−1 X−2Yx p−1y r ⇄ . . .⇄
E
kk gfedcba`_^]\
[Z
YX
W X
−2Y x r y p−1
Y−1x r−1
E
rr
\^_`bce
Ezzuu
uu
u
. . . Y−1y r−1 X−1x r−1 . . . X−1y r−1
F
,,
b ` _ ^ \ [ Y
F
$$J
JJ
JJ
Y−2x p−1y r . . . Y−2x r y p−1 X−1Y−1x p−1y r
E
jj hfedba_^][
ZX
WV
. . . X−1Y−1x r y p−1
F
55T U V X Y [ \ ^ _ ` b c
e f
h i
j
X−2x p−1y r . . . X−2x r y p−1
FIGURE 1. Two infinite-dimensional Uqsℓ(2) representations realized on the quantum plane extended by negative powers of X and Y .
(−1)pXY−1
F
''PP
PPP
d

log(XY )
E
pp ]]^^^___``aaa
F
..a a ` ` ` _ _ _ ^ ^ ^ ] ]
E
uukkk
kkk
kk F
))RR
RRR
R
d

(−1)pX−1Y
E
uukkk
kkk
d

−Y−1x p−1y
d

⇄ . . .⇄ Y−1xy p−1
d

−X−1x p−1y
d

⇄ . . .⇄ (−1)pX−1xy p−1
d

. . .
F
%%L
LL
LL
LL
L
−q−1X−1x p−1ξ
− q−1Y−1y p−1η
E
wwnnn
nn F
''OO
OOO
. . .
E
zzuu
uu
uu
uu
q
−1Y−1x p−2yξ
−Y−1x p−1η
⇄ . . .⇄
−q−1Y−1y p−1ξ
− q−2Y−1xy p−2η
q
−1X−1x p−2yξ
−X−1x p−1η
⇄ . . .⇄
(−1)p−1q−1X−1y p−1ξ
− (−1)pq−2X−1xy p−2η
FIGURE 2. A Uqsℓ(2) representation involving log(XY ) on the extended quantum plane, and its map by the differential.
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modulo nonzero factors; for all the other arrows, the precise numerical factors are indi-
cated. The pattern extends infinitely both left and right. In the central part, two more
maps that did not fit the picture are
XY−1
F
''
Z X V T
R
P
X−1Y
E
ww
dfhj
l
n
1
3. QUANTUM DIFFERENTIAL OPERATORS
We next consider differential operators on the divided-power quantum plane Cq.
3.1. We define ∂x and ∂y : Cq→ Cq standardly, in accordance with
d f = ξ∂x f +η∂y f
for any function f of divided powers of x and y. It then follows that8
∂x∂y = q∂y∂x
and
∂x(xmyn) = q−m−2n+1xm−1yn,
∂y(xmyn) = q−m−n+1xmyn−1
for m,n ∈ N; in terms of the basis in 2.2.1, therefore,
∂x(XMY Nxmyn) =
{
(−1)Nq−m−2n+1XMY Nxm−1yn, m 6= 0,
M(−1)N(p−1)+1q−2n+1XM−1Y Nx p−1yn, m = 0,
∂y(XMY Nxmyn) =
{
(−1)Mq−m−n+1XMY Nxmyn−1, n 6= 0,
N(−1)M(−1)m−1q−m+1XMY N−1xmy p−1, n = 0
for 06 m,n6 p−1 and M,N > 0.
3.2. Let D denote the linear span of xmyn∂ ax ∂ by with m,n,a,b> 0. The following com-
mutation relations are easily verified (ℓ ∈ N):
(3.1)
∂ ℓx x = q−2ℓx∂ ℓx +q−ℓ+1[ℓ]∂ ℓ−1x −q−2ℓ+1[ℓ](q−q−1)y∂ ℓ−1x ∂y,
∂ ℓy y = q−2ℓy∂ ℓy +q−ℓ+1[ℓ]∂ ℓ−1y .
(Here and in similar relations below, x is to be understood as the operator of multiplication
by x, etc.) It then follows that ∂ px and ∂ py are somewhat special: they (anti)commute with
all the divided powers xn and yn with n < p. In general, we have
∂ ℓx xmyn = q−2ℓm−ℓnxmyn∂ ℓx
8The rule to commute ∂x and ∂y inherited from the Wess–Zumino-type complex is not the one in [31],
as was also noted in that paper.
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+
ℓ
∑
i=1
i
∑
j=0
q
−2mℓ−ℓn+i(ℓ+m−n)− i(i−1)2 − j(ℓ+1)
[
ℓ
i
][
i
j
][
n+ j
j
]
[ j]! (1−q2) j xm−iy j+n∂ ℓ−ix ∂ jy ,
∂ ℓy xmyn = q−2ℓn−ℓmxmyn∂ ℓy +
ℓ
∑
i=1
q
−2nℓ−ℓm+i(n+ℓ)− i(i−1)2
[
ℓ
i
]
x
myn−i∂ ℓ−iy
for all nonnegative integers m, n, and ℓ, and hence the commutation relations of ∂ px and
∂ py with elements of Cq can be written as
∂ px XMY Nxmyn = (−1)N p+nXMY Nxmyn∂ px +Mq−
p(p−1)
2 XM−1Y Nxmyn,
∂ py XMY Nxmyn = (−1)Mp+mXMY Nxmyn∂ py +(−1)MpNq−
p(p−1)
2 XMY N−1xmyn
for M,N > 1 and 0 6 m,n6 p−1; in other words, ∂ px and ∂ py can be represented as the
(left) derivatives
∂ px = i1−p
∂
∂X , ∂
p
y = i1−p
∂
∂Y .
(Evidently, ∂ px ∂ py = (−1)p∂ py ∂ px .) We here used that q
p(p−1)
2 = ip−1.
3.3. Lemma. The relations in D are compatible with the Uqsℓ(2)-module algebra struc-
ture if we define the Uqsℓ(2) action as
E∂x =−q∂y, E∂y = 0,
K∂x = q−1∂x, K∂y = q∂y,
F∂x = 0, F∂y =−q−1∂x.
The proof amounts to verifying that the relations in 3.2 are mapped into one another under
the Uqsℓ(2) action. Then E and F act on the differential operators as
E(∂ Mp+mx ∂ N p+ny ) =−(−1)(N+1)p+nM∂ (M−1)p+mx ∂ (N+1)p+ny ,
F(∂ Mp+mx ∂ N p+ny ) =−(−1)(M+1)p+mN∂ (M+1)p+mx ∂ (N−1)p+ny .
Modulo sign factors, this is the sℓ(2) action on C[∂ px ,∂ py ] = C[ ∂∂X ,
∂
∂Y ].
3.4. A projective Uqsℓ(2) module in terms of quantum differential operators. As an
application of the q-differential operators on Cq, we construct the projective Uqsℓ(2)-
module P+1 (see [1]) as follows:
τ
F
7
77
7E


λp−1 ⇄ . . .⇄ λ1
F 5
55
5
ρ1
E		
		
⇄ . . .⇄ ρp−1
β
where the horizontal⇄ arrows, as before, stand for the action by F and E up to nonzero
factors, and the actual expressions for the module elements are as follows: first,
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τ =−q
p(p−1)
2 +1
p
∑
i=1
ai x
p−iy i−1∂ p−ix ∂ i−1y , where ai = α +
i
∑
j=2
q
1− j
[ j− 1],
then λi = E iτ and ρi = F iτ , with
λp−1 = (−1)p−1[p−1]!q
p(p−1)
2 +1x
p−1∂ p−1y , λ1 = q
p(p−1)
2
p−1
∑
i=1
q
i+2x
p−i
y i−1∂ p−i−1x ∂ iy,
ρ1 =−q
p(p−1)
2
p−1
∑
i=1
q
i+1x
i−1y p−i∂ ix∂ p−1−iy , ρp−1 =−[p−1]!q
p(p−1)
2 +2y p−1∂ p−1x
in particular, and, finally, β = Fλ1 = Eρ1 is
β =−q p(p−1)2 +1
p
∑
i=1
x
p−iy i−1∂ p−ix ∂ i−1y .
In the expression for τ , α is an arbitrary constant (clearly, adding a constant to all the
ai amounts to redefining τ by adding β times this constant). The normalization is here
chosen such that β be a projector,
ββ = β .
(We note the useful identity [p−1]!(q−q−1)p−1 = pq p(p−1)2 .)
The “wings” of the projective module are commutative,
λiλ j = λ jλi, ρiρ j = ρ jρi
for all 0 6 i, j 6 p− 1, where λ0 = ρ0 = β , and, moreover, λiλ j = ρiρ j = 0 whenever
i+ j > p.
A similar (but notably simpler) realization of P+1 in a Uqsℓ(2)-module algebra of quan-
tum differential operators on a “quantum line” was given in [8].
4. CONCLUSION
Quantum planes provide a natural example of module algebras over sℓ(2) quantum
groups (they do not allow realizing all of the quantum-sℓ(2) representations, but the cor-
responding quantum differential operators make up a module algebra containing the pro-
jective modules in particular). By [15], moreover, GLq(2) can be characterized as the
“quantum automorphism group” of the de Rham complex of the quantum plane. This is
conducive to the occurrence of quantum planes in various situations where the sℓ(2) quan-
tum groups play a role. From the standpoint of the Kazhdan–Lusztig correspondence, the
old subject of a quantum sℓ(2) action on the quantum plane is interesting in the case of
even roots of unity, which we detailed in this paper.
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